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Intransitive Lie groups of transformations have invariant varieties which in
suitable cases can be considered as space—times of a universe. The physical laws
in the latter are expressed in terms of group theoretical notions. Theorems on
the coincidences of group trajectories and geodesics are derived. The groups of
linear transformations of the space of basis vectors are used as gauge groups to
break the symmetry of the group of transformations and of their natural metric.
It is shown that in case of the de Sitter group and its adjoint group as gauge
group, one obtains in this way general relativistic theories of gravitation,
especially Einstein’s theory. More general aspects of the formalism are dis-
cussed.

I. INTRODUCTION AND SUMMARY

The first formulation of Einstein’s general theory of relativity as a
gauge theory of the Lorentz group has been suggested by Utiyama soon
after Yang and Mills (1954) presented their generalization of Weyl’s gauge
method. Integral formulations of a gauge theory of gravitation were given
by Lubkin (1963) and later by Yang (1974) with the general linear group,
acting on the space of tangent vectors, as gauge group. The author later
suggested the linear group acting on the spinors for a (quasi) unified gauge
theory of gravitation and electromagnetism (Halpern, 1977b, 1979d).

Dirac’s method to generalize matter field equations to invariance
groups other than the Lorentz group, especially the de Sitter group and the
conformal group (Dirac, 1935), inspired the author to create a de Sitter
covariant formulation of general relativity (Halpern, 1977a). Preliminary
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considerations along this line were already made by Lubkin (1971) without
the author’s knowledge. The author started out from a de Sitter-covariant
version of Pauli’s (1921) formulation of the principle of equivalence and
generalized Dirac’s construction to curved space (1977a). There are no
doubt as many different formulations of this modified principle of equiva-
lence possible as of the original one, but they are also largely equivalent.

An important motive for such group-covariant constructions, besides
its obvious use in attempts of constructing unified field theories and its
general interest in connection with the asymptotic properties of space-time
(Lubkin, 1971) was, to create techniques that would allow to formulate a
field theory based on Dirac’s large-number hypothesis (Halpern, 1978b).
The latter requires a theory that is largely in agreement with Einstein’s
theory locally but not globally.

The author gave then a general formulation of group-covariant field
equations in which only notions pertaining to the group of transformation
occur (Halpern, 1978a, b; 197%9a—c); even the metric of homogeneous
space—time is expressed in terms of quantities belonging to group theory
and so is the universe itself. A short account of this formulation is given in
Section 2. It forms the basis for the gauge method of the author which is
again a gauge theory of the group of transformation whereby the symme-
try of the group action on the space in broken (Halpern, 1978a, b;
1979a—c). This development is presented in Section 4. In Section 3 and
Appendix A some necessary mathematical preliminaries are developed. We
would like to stress that the breaking of the symmetry occurs in this theory
only for the group of transformations—not for the abstract group and its
group space which retain their symmetry for local action on the representa-
tion space.

The largest gauge group is the general linear group with the dimension
of the invariance group.

The most desirable gauge group for physics is, however, not the widest
but the narrowest which yields all physical results. The author has sug-
gested the adjoint group of the group of transformations (Halpern, 1978a;
1979a, b). This case is treated in Section 5, and it is shown in Section 6 that
for the case of the de Sitter group (and related groups) the equations can
be solved in a special gauge and the resulting theory is either the general
theory of relativity with a de Sitter background, or a related nonlinear
theory.

Before its solution, the theory assumes the special form of a tetrad
theory with a gauge potential. Such a gauge potential of tetrad fields has
been considered earlier by the author in connection with problems in
Mollers tetrad formulation of gravitational theory and the Lorentz group
(Moller, 1969; Halpern and Miketinaé, 1970). There is else no relation



Broken Symmetry 847

between the two cases. The method presented here gives, however, not
only a new approach to general relativity and its nonlinear generalization.
The group of transformations considered need not act on space—-time
alone; it can be a much wider group. The method of symmetry breaking
provides a wider—if not a new—outlook of how gravitational fields are
related to symmetry breaking and relative dislocations of the axes at
different points of the higher-dimensional representation space. A wider
outlook is also obtained for the unification of gravitation with electromag-
netism and other fields and for the law of motion in its relation to
trajectories of group generators; but hitherto these possibilities have not
yet led to any significant improvements. They have therefore been limited
here to brief remarks. The work on the present approach has only begun
and a host of new possibilities have still to be investigated.

The notation follows closely that of Eisenhart (1933) with the excep-
tion that Latin letters are used for the space of basis vectors of the group.

2. MINIMAL INVARIANT VARIETIES AS MODELS OF THE
SPACE-TIME OF THE UNIVERSE

Consider a continuous group of transformations G, with r essential
parameters, acting on a n-dimensional space V,. The rank of the matrix of
base vectors: (§;) (i=1...n,4=1...r) of G, be g <r <n so that the group is
intransitive and there exist g-dimensional invariant varieties.

One can in general construct a metric of V,, such that G, is a group of
motion and each of the family of invariant varieties is a g-dimensional
Riemannian subspace ¥, imbedded in V. The case g=4 and signature +2
makes such a ¥V, of suitable extensions a candidate for a model of
space—time of a universe. One can then introduce a coordinate system in
V, such that everywhere

I
§§"=0, axlf" =O’ gmm=il’ gim=0 (i%m)

(S=1l...rm=g+1,...,ni=1...n,R=1...1) 2.1

because the generators X =¢49/3x’ of G, act only within each invariant
variety and because Killing’s equations

¢! oég
£S +gi1 __§§~ = (2‘2)

0g;
__ﬁgs{_;. Py =

8
ax! * ox

are satisfied. We shall consider here only semisimple groups for which a
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nonsingular matrix
Yrs = CiyCsu (2.3)

can be formed out of the structure constants Cy.
The author (Halpern, 1978a, b; 1979a-c) has expressed the con-
travariant metric tensor as '

g*=Cty®S¢k (2.4)

with
Y ®ygr=07 (2.32)

in the coordinates satisfying equations (2.1). C depends only on x™(m >q)
and the £; only on x‘(i <g). For a given minimal invariant variety ¥V, C is
thus constant. The proof that (2.4) satisfies Killing’s equations is furnished
in Appendix A.

The metric of ¥, is thus expressed in terms of generators and structure
constants of G,. Field equations can now be constructed that consist only
of group covariant expressions. Lie derivatives should replace all other
derivatives.

The Lagrangian density of a scalar field becomes

{9 9
3 =g‘/zy'*sz;z(§¢*)$§(w¢) 2.5)

A Lie derivative of spinors on the ¥, of a G. has also been con-
structed. We shall not discuss it here.?

Having achieved that task for the field equations, we would like to
express the equation of motion of a classical body as well in a G,-covariant
way. The timelike geodesics of V,, however, do not in general coincide
with group trajectories. Agreement with the well-established results of
general relativity can only be achieved if trajectories exist that approximate
these geodesics well enough. We consider in the following only the case
where every geodesic of ¥, is a group trajectory. This situation is further
explored in the next section.

2See Halpern (1978a,b, c; 1979a—c). A Lie derivative of spinors which is apparently related to
the authors has also been suggested by W. Unruh (private communication).
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3. GEODESICS AND GROUP TRAJECTORIES

The basis vectors §; of G, are determined only up to a nonsingular
r-dimensional linear transformation C. The theory of Lie groups of trans-
formations is formulated covariantly with respect to such linear transfor-
mations. The transformation C can be chosen so that at a given ordinary
point P, of V,, g=4 of the basis vectors, let us say £; (B=1,...,4), are
orthonormal and the remaining §,, (M=g¢+1,...,r) vanish there. We
denote such a system of basis vectors as “special” at P,,. A special system is
of course not uniquely determined; apart from rotations, vectors &,,
(M >g) can arbitrarily be added to the £;.

Theorem. The group trajectory of a base vector £ is a geodesic
through a point P, if a special system of base vectors exist there
such that

i m 0 i m d i
[ém 88t = (8 gt — "o th)u* =0 (B=1-+-g=4)

(.1)

Proof. (1) The condition of equation (3.1) is satisfied at every point of
the trajectory if it is satisfied at P,, because none of its points is preferred.
Indeed at any point P, of the trajectory the linear transformation of the
base vectors by the adjoint group of G, with the group element which
brings P, into P, along the trajectory produces such a system at P,. We
shall show this for an infinitesimal displacement along the trajectory. We
can always choose £ itself as one of the vectors (let us say £/=8}) of the
special system pointing in the 1-direction. At a neighboring point P, of the
path,

x'=xi+8]67 32)
the components of all vectors differ by

9x!

8¢i=—Ror  (R=1...r) (3.2a)

the transformation of the adjoint group alters them by

] ) a i 8 i
&k =C3 gidr= (i‘ki}i‘— 2 )3T (3.2b)
ox ax!
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clearly a coordinate transformation with
— =L (3.2¢)

restores then all the values of the transformed components to their values
at P,. The transformation of the adjoint group leaves the structure con-
stants unchanged because of Jacobi’s identities so that even the metric
(2.4) is the same as at P after the transformations and (3.1) is satisfied at
P,.

(2) To prove that the trajectory is a geodesic if and only if equation
(3.1) is fulfilled at every one of its points we remember that every £ in V is
the symbol of the group of motion and contract Killing’s equation (2.2)
with £7 and £* to obtain

8, 3 _
gk e+ 28— (ER)E =0 (222)
X ax’
with the help of (3.1) we obtain from this
d . . . 9 ,,; .
w(g'&kgk)gg'ﬁ implying w(g'g,.kgk)=o (j=1...4) (3.3)

One can thus choose the parameter such that

kk=£k
. 8 k
k g gm
and
. 1 ../ 98 3g
k siem_ - oK y _ “oim m .
I‘im'x X 2 g (2 ax™ )g £ (3 33.)
Because of (3.3):
ag; 8&’"
— Dim gigm 'mg' 3.3b
P (3.3b)

and because of (2.2):

gy i i ok £k
O & ) (22b)



Broken Symmetry 851

together (3.3a), (3.3b), and (2.2b) show that the equation of the geodesic is
satisfied:

gi(%%+T5,x%™)=0 34

We obtain immediately the following corollary.

Every geodesic through P, is a group trajectory if and only if a special
system of base vectors exist so that (3.1) is fulfilled for any two vectors
£=£,,85 (4,B=1...4). Each vector of the subspace spanned by £,--- £,
has a geodesic as trajectory. We consider here only groups that fulfill this
condition. Is the possibility of motion of macroscopic bodies along non-
geodesic timelike group trajectories in conflict with experience? The author
has repeatedly pointed out that this need not necessarily be so (Halpern,
1978b; 1979b, c).

Consider a special system of base vectors at P, in coordinates that
result in a Minkowski metric there. The geodesic motion of a macroscopic
body can be the trajectory of a vector CX& with CR=0 for
R >4,v,sCRC¥=1. One may attribute to that motion a volume in phase
space proportional to

3 (CA)Z
A=1 1rsCRC?

(3.5)

Consider now the same relations in case of a nongeodesic trajectory of the
same initial velocity, where C® 540 also for R >4. The phase space volume
according to equation (3.5) will shrink relative to the geodesic case, in the
limit the more the smaller the ratio of the radii of curvature of the
trajectory and the universe (geodesic motion) is. We can only observe a
radius of curvature far smaller than that of the universe, which would
correspond to such a small relative volume in phase space that we have
practically no chance to encounter it among a limited number of samples
—just as we do not encounter a macroscopic quantity of gas in vacuum,
that will contract. The example given here is a possible generalized law of
motion which is in the spirit of the group theoretical approach; it can be
studied best in case of the de Sitter group treated in later sections. The
equations of the generalized free motion are nonlinear and of higher order.
They are briefly stated for the de Sitter group.

4. BREAKING OF THE GROUP SYMMETRY BY THE
GAUGE FORMALISM

We have been able to express the metric of space—time in terms of
quantities belonging to the group of transformations itself; it is therefore
suggestive to describe the breaking of the symmetry of space due to local
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inhomogenous matter distributions in terms of a symmetry breaking of the
group of transformation which acts on space. (Not of the abstract group
which is to remain intact to allow action on localized quantities. Even the
group of transformation should still function locally on path segments).

The author has suggested using the covariance of the. group theory
with respect to linear transformations of the space of base vectors (see the
first part of Section 3) to establish a formalism of the gauge type, which
can describe the symmetry breaking of space and (in a still rather artificial
way) relate it to the presence of matter (Halpern, 1978a, b; 1979a-c).

We start by performing at every point of ¥V, independent linear
transformations of the space of base vectors. The transformations affect
thus all indices with capital Latin letters. We are able to uphold our
formalism in spite of this manoeuver if we only replace derivatives of
quantities with block indices by invariant derivatives. Suppose £, trans-
forms:

Ey(x)—Ey(x) = S U*(x) Jé(x) (4.1)

by some subgroup I' of GL(r) with canonical parameters u®> The in-
variant derivative is defined in a well-known way (DeWitt, 1963) with a
potential 4 (x) and the generators G, of I":

]
S = W§U+A:(Ga)Z£V (4.12)

A transformation S of I' transforms the potentials inhomogenously with
respect to the adjoint group of I'. Infinitesimally

8A(x) = Cg,Afou"(x)— %{- Su(x) (4.1b)
x

so that &, transforms in the same way as §;;:

Svi— SL,/'/gV-k 4.1¢c)

The condition that the potential can be transformed to zero at all points x
simultaneously by a transformation SJ/(x) is

Fi(x)= %A: - %A;’ + Cg,A,.BA,g=0 (4.1d)

3To distinguish T' from G, we use Greek indices instead of Capital Latin indices
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A transformation S;/[#*(x)] in our unperturbed ¥, of G, produces poten-
tials which satisfy equation (4.1d). The commutation relations are now of
the form:

R EDm —E0 €Rm= CRy b1 (4.2)

where £, £, are defined in equations (4.1), (4.1a), and (4.1c) and

Cry =SgSH(S ")iCyz (4.22)
depends on x but
Ciln =0 (4.2b)
Killing’s equations assume the form

0g;
T &8+ Bk B =0 (4.20)

To break the symmetry of 7, we abandon equations (4.1) and (4.1d)
keeping, however, equations (4.1a)-(4.1¢), (4.2), (4.2a)—(4.2¢) for a poten-
tial which has now to be determined from field equations. Also the £, and
the S//(x) have to be obtained from field equations and from equations
(4.2) and (4.2a). The generalized Killing equations (4.2¢) imply furthermore
that the metric is of the same form as equation (2.4) yet formed with the
v'®5 out of the primed structure “constants.”

To obtain consistent field equations we have to form invariants out of
the 47, the £, and the S and add equations (4.2) with a Lagrangian
multiplier, so that we can vary independently with respect to all the
unknowns. We may in simpler cases solve equations (4.2), eliminate
thereby some of the unknowns, and avoid the multipliers. The metric can
always be constructed from the solutions.

The following two sections will provide examples for the procedures.

5. THE ADJOINT GROUP AS GAUGE GROUP

Every group G, has a “natural” group of linear transformations acting
on the space of its base vectors: The adjoint group of G, has the same
structure constants as G, and thus an isomorphic law of composition of the
group parameters (Eisenhart, 1933). We have seen moreover in Section 3
that the structure constants of G, are not altered by the transformations of
its adjoint group. The S//(x) which were only auxiliary variables, serving to
exhibit the full invariance properties of the theory, are constants here.
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The adjoint group is not transitive; this leads us to an additional
restriction: We want to avoid solutions for the £, which the gauge
group even for one single point fails to transform to a set of base vectors
of the unperturbed V/,. This means we must be able to transform the base
vectors at every point into a special system (see Section 3) in which for

=1,...,4=4 they form a Vierbein whereas those with M >4 vanish. This
is because as we saw in Section 3, we can also always introduce a special
system at one given point by a constant linear transformation and then
transform this property to any other point of ¥, by a transformation of the
adjoint group. The constant linear transformation fixes the components of
the structure constants.

Thanks to our requirement we can introduce even in the general case
a gauge for which at every point the first four base vectors form a
Vierbein:

¢i=hi(4,B=1...9), gubibk=1,,
£&,=0 (M >4) (5.1)
Written explicitly equations (4.2) in such a gauge are

B (aamh +AECBEhD) hm(aih"+A,fc,f’Eh;‘,)=c;;h,g (5.22)

9 ; .
i (ambie + AECEghS )= Chhy (52b)

(4,B,D,E,=1...4, M=5...r)

The Greek indices in equation (4.1) are replaced for the adjoint group by
Latin indices because structure constants are the same as for G,.

The equations in this form are much simplified. They will be solved
for the de Sitter group in the next section.

6. THE de SITTER GROUPS AS AN EXAMPLE

The de Sitter and anti-de Sitter groups are five-dimensional orthogo-
nal groups with signatures +3 and + I, respectively. The basis vectors are
most simply expressed in five-dimensional Cartesian form, labeled by
double indices which we denote here by two Greek letters:

Elap1= X (g0l — a®h) (im0, f=1...5) (6.2)
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If we use the labels only as symbols or in summation we shall write,
however, Latin letters as before. The structure constants are

Clathior =3[ 1y (8588 — 8588 ) — (vo8) |~ [(a>B)]  (6.2a)
The geodesic condition equation (3.1) is fulfilled here.
Yo, 8116,e] = 4(naenﬁ6 - nusﬂpe) (6-2b)

double index summations are performed over each of the two letters.
The minimal invariant varieties are generalized spheres:

. XX*=%xR?* (i,k=1...n=5) (6.2¢)

(upper sign de Sitter, lower, anti-de Sitter space), on which one can use
conformal coordinates by introducing

k
Xk=—R£+£)F’ =R (k=1...4) (6.24)

and choosing R = R,=const. The metric on the invariant variety is then

v a(1x02/4)
gzk=ntk(__;_2.él, 02=mmxlxm (i,k,l,m=1---4) (6,2e)

and the base vectors are
Elap=* (mgli—ma) (a,f=1...4) (6.2)
and

2
. . 1 .
o= 0l(12 5 )+ Jxixt, (629)

We consider now the generalization discussed in Section 5 with the adjoint
group as gauge group. Transforming at every point to a special system we
give the four nonvanishing base vectors the indices [a,5] whereas all
§0.1=0 (a,8=1...4) (Remember the structure constants do not alter their
form and values (6.2a) by the transformation, but the base vectors every-
where assume the components as at x‘=0 of equations (6.2f), (6.2g)
expressed in general coordinates. We are able to solve equations (5.2a),



856 Halpern

(5.2b) for the potentials and find

Al = _p, pde (4,a=1...4) (6.3a)
APl = glaBlpk =y Aoy BB (6.3b)

with
YaBE™= hys khBihli‘( (6.4)

the coefficients of rotation (Eisenhart, 1964). All the 40 components of the
potential are thus expressed in terms of the tetrads and their derivatives.
We express now also the fields F{*#! of equation (4.1d) by the tetrads:

F,.[:’SI =0 (6.3¢)
and

F[,?"B]

H

_ _ad BB 8 E a E EF ip K
1] )~ = L) ettt
+ ik s h i E

= ( R~ Iéqui) h P Ba (6.3d)

(all Latin and Greek indices (1...4) with R, the Riemann tensor of the
metric related to the tetrads and

1

quki = R2 ( Epi8qi gpiqu) (6-33)
0 .

In case of the unperturbed space V, R, ;= Iémk,- and all F, vanish.
We consider the following invariants formed out of F; for a
Lagrangian:
; ;4 24
R Sik _.. ki . _ T i
Fivps F7" = R, 1, RP¥ + R3 R+ &3 (6.5)

which is a well-known quadratic Lagrangian with an admixture of an
Einstein term (Halpern, 1977a, b) (necessary to avoid singularities in the
solutions) and a cosmological constant.
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Besides the Lagrangian of equation (6.5), which is of the Maxwell
type, as it occurs in all gauge theories, there exists here another Lagrangian
linear in the fields F2f

FlPICls 3 o g i ThE (6.52)

which is equivalent to the Einstein Lagrangian with a cosmologic member.
One obtains thus essentially Einstein’s theory if one adds the conventional
matter Lagrangians, e.g., equation (2.5) with a constant and varies the total
Lagrangian with respect to the tetrad fields 4, and the matter fields.

The law of motion in this theoretical framework has, no doubt, a
deeper basis than just the choice of a Lagrangian. We have given the
condition for which in unperturbed space every geodesic is a group
trajectory; the condition (3.1) is obviously fulfilled for the de Sitter group.
The author has shown (Halpern, 1977a) that a principle of equivalence
exists even for the de Sitter background, which means in analogy to Pauli’s
(1921) definition: Along the points of a geodesic an arbitrary metric can
always be transformed into the metric of de Sitter space such that all its
first derivatives vanish there.

This theorem contemplated from the point of view of the present
paper leads to the following features:

(1) The potentials 47 can be transformed away on all points of a
given line segment because the system of ordinary differential equations
for the parameters of the adjoint group that achieves this has in general
solutions.

(2) Killing’s equations and the commutation relations of the £5(x) are
then formally fulfilled along the points of the line and our considerations
of Section 3 apply. A geodesic in the general case is then always a
trajectory of a linear superposition of the transformed £5(x).

The system of differential equations that has as solutions all trajecto-
ries of the group is very complicated even in the unperturbed V. It is
nonlinear of the fifth order in the de Sitter case. One obtains them by
writing down the path of a general generator:

x'=¢,=CRE(x) (6.6)

Assume a special system of generators at an initial point P,,
Theorem. A special system of generators can be introduced at any
other point p of the trajectory such that the generator of the

trajectory expressed in the transformed system is of the same form
(6.6) as at P,
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The proof follows the considerations and the theorem of Section 3:
For an infinitesimal displacement along the trajectory the parameters of
the adjoint group which achieve the transformation, 8o® are proportional
to the C% and thus

3CR=CR.C%sT=0 (6.7)

One can thus express the C® at every point in terms of %, %, and higher
derivatives up to the fifth from the equations of the trajectory:

Lk =CclhhicACcR (6.8)
(4,B,D=1...4; R,S=1...r)

(£1£5); 6= ChCE.CACRCS (6.8a)

and its higher covariant derivatives in the £ direction, the right-hand side
of which consists of a chain of structure constants of the same form with
one more member for each derivative. More details of these equations and
their possible relation to physics are postponed to a subsequent work. The
equations of motion of higher order pertain no doubt—if they really play a
role in physics—to the nonlinear Lagrangian (6.5).

We finally mention a generalization of the above theory in which the
gauge group consists of the direct product of the adjoint group and the
group of scale transformations. The solution of the generalized commuta-
tion relations for the potentials 4% in terms of the tetrad fields and a
simple vector gauge field can even be performed in such a case but the
analogous results are not gauge covariant. We give here no details because
in our opinion this approach will not result in a truly unified theory of
gravitation and electromagnetism. Wider gauge groups either result in
additional constraints between the potentials or they introduce torsion.
The methods introduced here can be applied to a multitude of situations,
the physical content of which should be investigated.
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APPENDIX A

Theorem. The Lie derivative of £;y®5¢¥ with respect to any basis
vector &, of G, vanishes. (See Section 2.) [The result is well known
for r=n=gq in group space (Eisenhart, 1933).]

Proof. The Lie derivative is (Cp,y %+ Co,vS¥)ésén and the expres-
sion in parenthesis equals vy ;v "%y 9® with

Yro,Uu™= CPTUYTQ + CQTUYTP = C;",W( CPTUCQuI,/"' CQTUCIZIV/)
because of Jacobi’s identifies this equals
Yeo, U™ CTVU( CIZWCQ”;/ + CQTWCPVIV/) - CuT/U( CPVTCQMI,/ + C(;/TCI?I//) =0

because exchange of dummy indices results in terms that cancel.
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